Harmonic Motion Practice Iltems

After mass m is attached to a spring the value of
the restoring force F is measured for different
values of displacement from equilibrium. The
graph below shows the value of the restoring
force where x is the displacement of the mass
from its equilibrium position.

F(N)

What is the value of the spring constant k for
this spring?

A. -15N/m
B. -05N/m
C. 0.5N/m
D. 15N/m

The frequency of a simple pendulum on Earth
(for small oscillations) depends on the acceler-
ation due to gravity and the length of the pendu-
lum.
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On the surface of the planet Mars, a simple pen-
dulum 43 mm in length oscillates with a period
of .65 s. What is the value of the acceleration
due to gravity on Mars?

A. 0.67 m/s?
B. 1.6 m/s?
C. 2.7 m/s?
D. 3.8 m/s?

Which of the following graphs shows the elastic
potential energy U as a function of displacement
x for a simple mass-spring oscillator in the re-
gion between the amplitude positions, x = +A.
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A particular mass-spring oscillator is not driven
or damped. Which of the following would lead
to a doubling of the frequency?

A. halving the mass on the spring
quadrupling the strength of the spring
doubling the strength of the spring
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more than one of the above is true

Over the course of its oscillations the velocity
of a mass-spring will be greatest when

A. the acceleration is greatest
the restoring force is zero
the displacement equals the amplitude

Sav

the restoring force is greatest



For the two identical springs, A and B, pictured
below, displacement from equilibrium is mea-
sured as the distance the center of mass m has
been moved from its equilibrium position. As
can be seen, the two springs have different de-
grees of compression. The ratio between the
two springs of stored potential energy equals

A. 1:16
B. 4:25
C. 2:5

D. 14:22

equilibrium

:/

A frictionless mass-spring system undergoes
simple harmonic motion with an amplitude of
10.0 cm. When the mass is 5.0 cm from its
equilibrium position

A. 25% of the oscillator’s energy is potential
energy and 75% is kinetic energy

B. 50% of the oscillator’s energy is potential
energy and 50% is kinetic energy

C. 75% of the oscillator’s energy is potential
energy and 25% is kinetic energy

D. all of the oscillator’s energy is potential
energy

Which of the following changes would lead to
an increase in the frequency of a simple, fric-
tionless pendulum?

A. increasing the mass
decreasing the mass
increasing the length

STav

decreasing the length

10.

What strength of spring should be employed
if the goal is to create a frictionless, horizontal
mass spring-system that will oscillate a 100g
mass at the same frequency as a simple pendu-
lum that is 10 cm in length?

A. 0.1 N/m
B. 10N/m
C. 10N/m

D. 100 N/m

Two identical masses are free to slide over a
frictionless horizontal surface. The masses are
attached to one another, and to two immovable
walls, by means of three identical light horizon-
tal springs of spring constant k, as shown in the
figure below. The extensions of the left, mid-
dle, and right springs are x , x, — x,, and —x,, re-
spectively, assuming that x, = x,= 0 corresponds
to the equilibrium configuration in which the
springs are all unextended.

The acceleration of mass m, equals

—kx, +k(x,-x))
A.
ml
—k(x, —x)—kx
B. 2 1 2
ml
c. kx, —kx,
m +m,
D. kx, —kx,

(m, +m)/2



Passage (Questions 11-16)

The diatomic harmonic oscillator is a simple mod-
el for the vibration of chemical bonds. The model
consists of two masses, m and m,, connected by a
Hooke’s Law spring with force constant k.

A chemical bond, if stretched too far, will break. A
typical potential energy curve for a chemical bond as
a function of r, the separation between the two nuclei
in the bond is given in the figure below:
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Ud - bond dissociation energy
|

Potential Energy

T, Internuclear distance

The bond dissociation energy curve pictured above
(shown in gray in the figure) is given by a function
of the form

U=0,(1 - 7))

If the energy of the bond is not too high, then the
potential energy curve is well approximated by a har-
monic oscillator curve (shown in black in the figure).
This curve is given by a simpler harmonic oscillator
function

U= %k(r —r)’

The exact quantum mechanical description of this
model, obtained by inserting the above expression
for the potential energy into the one-dimensional
Schroedinger equation, yields an infinite set of al-
lowed energies, with equal spacing of successive en-
ergy levels.

U, = (n+-Dhf

n is a quantum number with discrete values of 0, 1,2,
etc. Planck’s constant is denoted by %, and f'is the fre-
quency, which is determined by k and the two mass-
es, present as their reduced mass, m,.
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The reduced mass is a quantity which al-
m;m, lows a two-body problem to be solved as
m,= ——— if it were a one-body problem of mass m,
My + My yish the position of one body with respect
to the other as the unknown.

The harmonic oscillator is a useful model because its
expression for the potential energy (as a parabola) is an
adequate approximation to the true potential energy for
many vibrations in real molecules, as long as one con-
fines attention to that part of the potential energy surface
close to the minimum. Important problems will arise if
we probe the parts of this potential energy surface at
much higher energies relative to the minimum.

11. According to information included in the pas-
sage the energy of a chemical bond in a highly
excited state

A. can be usefully described using a mass-
spring model

B. could result in bond dissociation

C. can be approximated as a parabola

D. increases as a function of the square of the
internuclear distance

12. In the diatomic harmonic oscillator model of
chemical bonds as energy level increases

A. vibrational frequency remains the same

B. potential energy asymptotically approach-
es the bond dissociation energy

C. the effective mass is reduced
D. molecular motion decreases



13.

14.

15.

Which of the following could not be described
with reasonable accuracy using the quantum
mechanical model described in the passage?

A. the minimum photon energy to induce
transition in vibrational energy in a cova-
lent bond

B. the minimum photon energy required to
break a chemical bond

C. the decrease in the frequency of bond vi-
bration accompanying substitution of a
heavier isotope of one of the bond atoms

D. the increase in vibrational frequency with
bond strength

According to the model described in the pas-
sage substitution of two deuterium atoms for
normal hydrogen atoms in a hydrogen molecule
would result in the following change to the co-
valent bond?

A. anincrease in the bond distance
no change in the ground state behavior
an increase in the strength of the bond

Sav

a decrease in frequency of the stretching
vibration

The infrared spectrograph of a particular organ-
ic molecule shows one type of C—C single bond
absorbing infrared radiation of wavelength
10100nm (990cm!) and another bond, a C=C
double bond, absorbing radiation at 6042nm
(1645cm™). In terms of the diatomic harmonic
oscillator model this difference can best be ex-
plained by which of the following?

A. the greater comparative vibrational fre-
quency of C=C double bonds

B. the greater reduced mass of the C—C sin-
gle bond

C. limitations in the predictive capability of
the diatomic harmonic oscillator model

D. the greater comparative strength of C=C
double bonds
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16. For k and reduced masses of the size found in

real molecules, the separation of adjacent en-
ergy levels, hf, is larger than thermal energy at
standard temperature. Therefore, according to
the model described in the passage,

A. at standard temperature, ground state at-
oms in chemical bonds are not vibrating.

B. the magnitude of the oscillation in the vi-
brational ground state is only a small frac-
tion of U,.

C. nearly all of the oscillators are in their
ground state at standard temperature.

D. rotational energy levels of the diatomic
molecule have higher wavelengths than
the vibrational.
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Harmonic Motion
Answers and Explanations

1. B

The restoring force supplied by a spring is propor-
tional to the displacement from equilibrium, how far
the spring has been stretched or compressed from
the undeformed state. The negative sign in Hooke’s
Law accounts for the fact that the force exerted by
the spring points in a direction opposite to the direc-
tion of deformation.

F=—kx

The proportionality constant, &, reflects the strength
of the spring. A strong spring has a high k and re-
sponds to being stretched or compressed a short dis-
tance with a high restoring force. The units of k are
N/m. In other words, k tells you how many Newtons
of restoring force are supplied by the spring per me-
ter of deformation.

To determine the spring constant for our spring, we
can find a convenient point on the best fit line and
use those values of displacement and restoring force.
The value of 2m for displacement seems like a good
place to look.

F ()

At 2m displacement, our best fit line predicts a re-
storing force of -3N.

F = -kx
-3N = (-k) (2m)
k=1.5N/m

2. D

The frequency of a simple pendulum on Mars will
depend on the acceleration due to gravity on Mars
and the length of the pendulum.

-_— l gmars
f " 2nN L

First, we have a little work to do with the given in-
formation.

4cm=4%x102m

Also, we were given the period of the pendulum. We
need to convert that to frequency.

= 155"

-1 _ 1
f_T_O.655

Now we can compute g

mars”

8o = U f2L

(6.28)%(1.55"%4.3 x 102 m)
= 3.8m/s?

Because the answer choices are fairly spread out nu-
merically, you have latitude for back of the envelope
calculations and mental math for the computation
above. You just need to land reasonably close.

3. A

The greater the displacement the greater the restor-
ing force (F' = -kx). It takes more work to displace
the spring a unit increment further from equilibrium.
This is why the stored elastic potential energy in a
mass-spring goes up with the square of the displace-
ment from equilibrium. The graph is a parabola typi-
cal of quadratic functions.

U =1kx?
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4. B
The frequency of a mass-spring is proportional to the
square root of the spring constant.

=2V

5. B

In the snap-shots from a single oscillatory cycle de-
picted below, the state of the mass-spring depicted in
states B and D correspond to the description in the
question stem. As the mass passes the equilibrium
position, it is at maximum velocity. All of the energy
in the system is in the form of kinetic energy.

A v=0

6. B

Compression of spring A has displaced the center of
its mass 2 units from equilibrium. Compression of
spring B has displaced the center of its mass 5 units
from equilibrium. The elastic potential energy stored
in a spring is proportional to the square of the dis-
placement from equilibrium.

Respective displacements of 2 vs. 5 units will corre-
spond to a 4:25 ratio of stored energy.

7. A

The amplitude is the maximum displacement of the
mass from its equilibrium position. At that maximum
displacement, the mechanical energy of the spring is
all the form of elastic potential energy. When mov-
ing past the equilibrium position, though, all of the
energy is in the form of kinetic energy. For other dis-
placements during oscillation energy apportions as a
combination of potential and kinetic energy. Poten-
tial energy stored in a spring is proportional to the
square of the displacement from equilibrium.

U:%kx2

Therefore, respective displacements of 5 cm vs. 10
cm will correspond to a 25:100 ratio of stored poten-
tial energy. At the 5 cm position, the remaining 75%
of total energy will be in the form of kinetic energy.

8. D

The frequency of a simple, frictionless pendulum de-
pends only on its length. Shortening the length of a
pendulum increases its frequency.

8

I=2aN T

9. C
First we need to convert our units to SI system.

1009 =0.1kg
10cm=0.Tm

For the frequency of a mass-spring to equal the fre-
quency of the pendulum, the following must be true:

1 /fk _ 1 /8
2V m — 27N L
k _ &
m ~ L
_ mg
k_L
= (0.1 kg)(10 m/s?)

0.1Tm

k = 10N/m



10. A

If you don’t know what to do at first with a physics
problem at first, try framing the problem as simply as
you can. We’re asked to find the acceleration of m,.
How do you determine the acceleration of a mass?
You determine what forces are acting on it. What
forces are being exerted on m, ? The force from the
spring on the left and the force from the spring on the
right. A spring responds to stretching or compressing
by producing a restoring force.

F=—-kx

For a displacement x, of the mass m, there will be a
restoring force -kx, from the spring on the left. If the
second mass m, were in a fixed position at x, = 0,
the force from the spring on the right would be sim-
ply -kx,, and that would be the net force combined
with -kx,. However, the degree of expansion or com-
pression of the spring on the right may be affected
by the displacement of m,, so we need to adjust the
force from the right in case the end of the spring is
shifted x,. The combination of the two forces can be
expressed and resolved to show the acceleration as
below.

F = -kx +-k(x -x,)
F = -kx +k(x,-x)

ma = -kx +k(x,-x)

-kx1 +k (x2 - xl)

m,

11. B

Like many MCAT passages, the passage combines
fundamental concepts from undergraduate general
science with concepts that are out of the scope of the
expected foreknowledge for the test. Feel your way.
Use what you know. Form a provisional understand-
ing. Maintain open questions. How you handle your-
self with out of scope material is a figure of merit for
the exam.

This particular question combines reading compre-
hension with a basic sense of the covalent bond. In
the passage we are told that the mass-spring approx-
imation can only serve as a model of bond energy
at low energies. At high energy, the curve of bond
dissociation energy (the gray curve) can be seen
approaching a maximum asymptotically. This max-
imum (U = 0; the minimum representing the two nu-
clei at the bond length is a negative value) represents
the bond breaking. With high energy the nuclei can
climb out of the well of electrostatic binding energy
that is the bond.

12. A

The diatomic oscillator model involves treating the
covalent bond as if it were a simple mass-spring sys-
tem comprised of two masses connected by a spring.

MWW
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The frequency of a mass-spring system does not
depend on the amount of mechanical energy it pos-
sesses. Although increasing energy will increase the
amplitude of the oscillation, the frequency depends
on the spring constant and the mass. For a simple
mass-spring, the frequency is given by

WA
I=2:N m

The same principle applies when there are two mass-
es. As described in the passage, where the formula
below is given, the frequency only depends on the
spring constant (analogous to bond strength) and the
mass (reduced mass in the formula below).

13. B

The quantum mechanical model described in the
passage is a quantum mechanical model of the di-
atomic oscillator (mass-spring). The diatomic oscil-



lator model breaks down at high energy. This can be
seen in how the quantum mechanical energy formu-
la below does not approach zero at high n, like the
bond dissociation energy curve, but infinity, like the
diatomic oscillator curve. It cannot model a bond
breaking.

U, =(n+hf

14. D

Isotopes of an element have the same number of pro-

tons but a different number of neutrons in the nucle-

us, in other words, the same atomic number, but dif-

ferent neutron number, and, therefore, different mass

number. Deuterium is the isotope of hydrogen with
Isotopes of Hydrogen

mass number 2.
HQ 0 (D )

normal hydrogen deuterium tritium
nucleus nucleus nucleus

In the diatomic oscillator model the vibrational fre-
quency along the bond axis depends on the spring
constant, k (bond strength), and the reduced mass of
the two bonded atoms.

Substitution of an isotope would not change the
strength of the bond, so k in our model would be un-
changed. However, reduced mass, m,, does change.
Normal hydrogen has a mass of 1 amu, so the two
hydrogens together possess reduced mass = /2 amu,
while deuterium has a mass of 2 amu, so reduced
mass for two bonded deuterium atoms = 1. Increas-
ing reduced mass will decrease the frequency of
bond vibration.

15. D

Vibrational frequency along the bond axis depends
on the spring constant, k (bond strength), and the re-
duced mass of the two bonded atoms.

A covalent bond will absorb infrared radiation with
frequencies corresponding to its various modes of
vibration. The C=C double bond absorbs at a higher
frequency (shorter wavelength) than the C—C single
bond because the frequency of its stretching vibra-
tion is greater. The reduced mass is the same in either
case, so the increased frequency of vibration is due to
greater bond strength, analogous to spring constant,
k, in the diatomic oscillator model.

16. C

Thermal energy is the kinetic energy of the parti-
cles, ie. translational, rotational, and vibrational. The
quantum mechanical model of the diatomic oscil-
lator described in the passage presents a picture of
bond vibration for a single molecule as a series of
quantized states of increasing amplitude. Transition-
ing to a higher energy level in the quantum mechan-
ical diatomic oscillator model requires more thermal
energy than is present at standard temperature. That’s
what the question stem is saying. Only the most vig-
orous fraction, several standard deviations above the
mean kinetic energy, have enough vibrational kinetic
energy to do it, so nearly all the molecules are in the
ground state.

This question pitches hard, but it’s right down the
center of the plate. Learn to laugh at questions like
this. They are never as hard as they look at first.




